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Abstract
A review of the different approaches using the General Linear Model
(GLM) to analyse multi-subject fMRI studies is presented. The first
part of the paper attempts to expose the approaches with the least
amount of statistic knowledge whilst the second part embeds those approaches in the GLM framework necessitating more statistical mathematical awareness, but enabling more advanced applications. Fixed
and Random subject analysis are then re-expressed within the GLM,
also taking into account autocorrelation of the measures. This occurs
because of the time series aspect of the data, and also if the groups
come from repeated sessions (e.g. different conditions) ; the spatial
autocovariance is usually treated at the end, as the model is voxelwise.
General hypothesis testing makes use of unidimensional contrasts, as
well as multidimensional contrasts leading to different statistical maps
(e.g. t-maps, F-maps).
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Introduction

The aim of this paper is to give an overview of the existing methods based on
the General Linear Model (GLM) to assess activity in an fMRI study, resulting in a statistical parametric map. The successive steps of every method
are: modelling the response at each voxel by a GLM, then testing a hypothesis (about the parameters of the model) and representing the observed
statistic map thresholded at a given level according to the point distribution
of the statistic (uncorrected levels) or according to the field distribution of
the statistic (corrected levels for local maxima) 1 . The GLM model used
1

The point distribution is the distribution at a given voxel, i.e. one random variable,
and the field distribution is the continuous version of multivariate distribution i.e. a
distribution of a vector of random variables.
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can refer to a single subject, one group of subjects or more groups of subjects which can represent different subjects (e.g. male, female) or the same
subjects (e.g. placebo, drug A, drug B in a cross-over design).
Note that the modelling part is univariate, i.e. is separated for each voxel2 ,
and is in fact usually separated for each subject. The paradigm applied is
usually well balanced (e.g. the same number of “OFF” and “ON” scans in
a block-design). The simplest approach uses only a t-test, and Friston et.al
[7] embedded this analysis in a General Linear model to be able to take
into account covariates in the analysis. Autocorrelation in fMRI time series
requires some changes necessitating also the use of GLM [1, 16, 17]. Multisubject fMRI experiment can also be expressed in a GLM framework with
different forms according to the approach taken: fixed or random subject
analysis. Estimation can be improved using spatial consideration (smoothing) in order to regain some quality of the estimation (spatially smoothed
autocorrelation 3 ). In the context of multi-subject analysis a similar spatial
consideration is investigated by Worsley [18] to “diminish between-subject
variability”.
Section 2 redescribes the classical single subject analysis, for an ON and OFF
(block-design) experiment in its simplest approach. Then the multi-subjects
(section 3) approaches are explained with fixed-effect and random-effect
analyses, and alternatives such as “conjunction analysis” [5] and “variance
ratio smoothing” [18]. One group and two groups analyses are summarised
in section 4. These procedures were related to t distributed statistics; section
5 returns to GLM, to redescribe them briefly under general hypothesis testing. It takes also into account time-series autocorrelation, and investigates
the case of more than two groups which involves F distributed statistics. The
repeated measures aspect of fMRI experiments can also be illustrated in a
multivariate model. This point is discussed in the last section of this article
introducing also a multivariable multivariate general linear model written to
be able to take into account spatial correlation aspects in the model. This
last model will be fully described in a later paper.
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Single-Subject Analysis

In a single-subject fMRI study, one collects, at each voxel, a time series
of responses (intensities of the BOLD signal) to a stimulus, e.g. an ON
(condition B) and OFF (condition A) experiment (box-car design).
Let yt , be the time series observed from t = 1 · · · T , at a given voxel. Among
the T values observed at this voxel, TA of them were recorded while under
condition A (OFF or rest condition) and TB of them were recorded while
2

The only spatial consideration comes when thresholding the statistic map.
Looking for robust estimates of the autocorrelation can be achieved by using a robust
estimate for each time series, and by smoothing spatially the autocorrelation obtained.
3
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under condition B (ON or stimulation condition) according to the paradigm.
The observations are assumed to be independent and identically distributed
(i.i.d.)4 and to come from a Normal distribution with the same variance
σ 2 and different means µA and µB for each sample. To decide if there was
an activation (at this voxel) during the experiment, one has to compare the
means in the two conditions. If the difference of the means is big enough
relatively to its dispersion, one will assume activation. For that purpose is
used the following statistic (where the denominator is an estimate of the
standard deviation of the numerator estimating the difference of the means)
with its derived distribution (see appendix A) under the null hypothesis (of
no activation µA = µB ):
y¯B − y¯A
2
σ̂ (1/TA + 1/TB )

to = p

∼ tdist (TA + TB − 2)

(1)

which means that to comes from (or follows) a Student distribution (t) with
of freedom (df). y¯A and y¯B are the sample means
(TA + TB − 2) degrees
P
(i.e. y¯A = 1/TA t∈A yt ) and σ̂ 2 is an estimate of the common variance,
(T −1)s2 +(T −1)s2

B
B
which is usually the pooled estimate σ̂ 2 = s2p = A (TAA+TB −2)
with
P
2
2
sA = 1/(TA − 1) t∈A (yt − y¯A ) . In fMRI the data is often balanced, i.e.
TA = TB = T /2; thus:

to =

y¯B − y¯A
√ ∼ tdist (T − 2)
2σ̂/ T

(2)

Now following classical hypothesis testing, if the probability p(tdist (TA +
TB − 2) ≥ to ) < α for a chosen level α (e.g. 0.05 or 0.01 or 0.001) one rejects
the null hypothesis and decides that the voxel was activated at the level α
(level of decision not of activation)5 .
Remark:
If you decide (test)
q that the variances are unequal, the denominator has to

be estimated by (s2A /TA + s2B /TB ) and the degrees of freedom are approximated by the Satterthwaite formula[10]:
2 /T + s2 /T ]2
[sA
B
A
B
(s2A /TA )2 /(TA − 1) + (s2B /TB )2 /(TB − 1)

(3)

but if the data is balanced and the sample size not too small the departure
from equal variances is usually negligible.
4
Note that independence for a time series is not realistic and autocorrelation has to be
taken into account, see further.
5
As already indicated in the introduction, this level of decision is said to be uncorrected
as based on the point distribution and not using the field distribution (multiple comparison
problem).

3

3

Multi-subject analysis

Because of the separability aspect of the analysis, one easy implementation
is to perform a two-stage procedure. At the first stage the analysis above is
performed for each of the n subjects: following the previous section (or, for
the more general case, see the GLM section), at each voxel an estimation
of activation
parameter can be made: b̂i = ȳiB − ȳiA with standard error
q
2
σ̂bi = σ̂i ( T1B + T1A ) i = 1 · · · n.
So for each of the n subjects can be built the statistic map
to (i) =

bˆi
σ̂bi

to test bi = 0. How do we combine these maps to conclude that there is
activation in the population from which these subjects come? This is the
purpose of multi-subject analysis, i.e. the second stage. From the experiment a different conclusion is drawn for the population according to the
method chosen: fixed subject effect analysis allows a conclusion limited to
the sample studied; a random subject effect allows a population conclusion.
Because the latter can be “too conservative” due to large estimated subjectsubject variability (partially due to small sample sizes generally studied ),
some alternative approaches have also been developed: “conjunction analysis”, and “variance ratio smoothing”.

3.1

Fixed Subject Analysis

Following the assumption that each subject’s estimated activation parameters are taken from the distributions:
bˆi ∼ N (mb , σ̂b2 ) i = 1 · · · n
i

¯
b b = b̂ with the following
the population mean activation by mb is estimated m
P
¯
distribution b̂ ∼ N (mb , 1/n σ̂b2 ) , σ̂b2 = 1/n i σ̂b2 .
i
Now, testing mb = 0 (null hypothesis) is a one sample t-test:
to (f ixed) =

¯
b̂
√
1/ nσ̂b

(4)

Note that deciding that the pooled variance is a “better” estimate of singlesubject variance, that is, for every i, σ̂ = σ̂b then:
P
√ X
1/n i bˆi
√
to (f ixed) =
(5)
= 1/ n
to (i)
1/ nσ̂
i

This simplified fixed-effects analysisPis therefore virtually identical to the
√
“Group Z” method: Zgroup = 1/ n i Z(i).
4

The main shortcoming of the fixed-effects approach is that it considers the errors of measurement estimated for the subjects as the only source of variation
when estimating the population mean. That is to say, only within-subject
variation is accounted for. No consideration of between-subject variation is
considered; therefore it is valid only for the subjects chosen in this experiment (no sampling variation). Put another way, when looking at variation
of an activation, it has to account for variation during the experiment on
a subject (between measures or within-subject) and the choice of subjects
(between subject).

3.2

Random Subject Analysis

The inadequacy of the fixed-effects approach is seen in the first assumption:6
bˆi ∼ N (mb , σ̂b2 ) i = 1 · · · n
i

(6)

One must consider the estimated activation as what it is, an estimation of
the activation for the given subject:
bˆi ∼ N (bi , σ̂b2 )
i

i = 1···n

(7)

and now consider the activation for a given subject as a random observation
of the activation for the population:
bi = mb + ηi , bi is random ∼ N (mb , σb2η ).
It is a two levels variation (within subject and between subjects): before,
one had
b̂i = bi + i , now:
b̂i = mb + ηi + i , i.e. two error terms.
¯
2
2
) , σ̂(b
b b = b̂ ∼ N (mb , 1/n σ(b
= σ̂b2η + σ̂b2 and testing
So, m
η +b )
η +b )
mb = 0 is a one sample t-test:
to (random) =

¯
b̂
√
1/ nσ̂(bη +b )

(8)

Note that only the whole variation is needed, as one is not interested in the
individual variance components. The whole variation is calculated directly
using the set of estimated single-subject activation levels (the b̂i ’s) as
X
¯
2
(9)
(b̂i − b̂. )2 /(n − 1)
σ̂(b
=
+b
)
η

i

which usually will reflect mainly the between-subject variation.
6

It is valid as a conditional distribution (conditionally to the given subject). A fixed
factor (ANOVA language) means that all levels of the factor (here the different subjects)
encompass the possible levels one can encounter in the population studied; e.g. gender is
a fixed factor with two levels.
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Remarks:
Notice here that introducing the random effects for the subject brings a
constant autocorrelation between time measures (Compound Symmetry):
let i = 1 · · · n and j = 1 · · · T identifying respectively the subjects and the
time of measurements; the model can be written yij = βj + ηi + ij with
2 , and var(η ) = σ 2 then corr(y , y 0 0 ) =
E(ηi ) = 0, E(ij ) = 0, var(ij ) = σw
ij i j
i
s
σs2
2 +σ 2 )
(σw
s

3.3

for i = i0 .

Degrees of freedom and comments

Notice that to (f ixed) > to (random); the difference may be quite large,
as the between-subject variation is normally much larger than the withinsubject variation (scan-to-scan). Sample size must be considered here, as
to be able to give an accurate decision about the population (as with the
random-effects analysis) one needs a good estimate of the between-subject
variation.
There is also a difference in the degrees of freedom:
df (f ixed) = n(TA + TB − 2), and df (random) = n − 1. As a rule, with
more general models, the degrees of freedom for a fixed-effect approach will
be the sum of the degrees of freedom from every single-subject analysis and
the degrees of freedom for a random-effect approach will be the degrees of
freedom of the second stage model (explained further in the GLM section).
Notice the very low df (random) compared with the fixed-effects approach
(a typical n is 10, and T > 100).
The random-effects approach is the valid one but is difficult to be confident
in (power analysis) as the sample size used in general is very small compared
to what is usually needed in estimation (say at least 30). For fMRI studies it
has been suggested that 12 to 15 subjects would suffice. From a large sample
(n = 40), Darrell et. al (1998)[4] presented a power analysis resulting in
sufficient power observed for about 20 subjects (depending on the brain area
under consideration). A possible alternative way of obtaining more degrees
of freedom (and so a better estimation) would be to estimate the random
variance needed using more data that is on the whole brain, for example
by pooling or smoothing the variances. This is similar to the idea used by
Worsley in the “variance ratio method” described in the next section.

3.4
3.4.1

Alternatives to the Random or Fixed choice
Conjunction analysis

Facing this dilemma of an invalid population analysis (fixed-effect approach)
and a valid one (random-effect) but difficult to apply usually because of
overestimation of variances due to small samples (random-effects), some alternatives have been investigated. One is the “conjunction analysis” (Fris6

ton et al. [5]), which uses all the subjects’ maps to localise where all the
subjects activated (at a chosen level; see single subject analysis, i.e. it is
a thresholded map of the min map over the subjects). Then using simple
probability theory, one can relate the “level of activation” (p-value calculated for example from Gaussian Random Field Theory - see Worsley(1999
submitted)) and the proportion of the population which shows this activation at the previously defined level (in the single-subject analysis). Let (t)
and (a) mean respectively, tested status of activation with the experiment
and true status of activation, while + and − is the status activated or not,
simple probability calculus gives:
αc = P (all t+ ) = [P (t+ )]n
= [P (t+ /a− )P (a− ) + P (t+ /a+ )P (a+ )]n

= [α(1 − γ) + βγ]n

(10)

Where α is the chosen single-subject level of activation (p-value level to
threshold each map), β is the power or sensitivity (1 − α is the specificity)
of the experiment which is not known and can be set at 1 to provide a lower
bound of the proportion γ of the population showing the effect. Setting
β = 1 gives
1/n
αc − α
γ ≥ γ1 =
1−α
Thus the conclusion about the population is qualitative, e.g. with a certainty
of 0.95 (1 − αc ), we can say that at least 80% (γ1 ) of the population would
activate at level 0.001 (α). The results given above can also be used to
decide on a sample size[6], e.g. for the above conclusion one would need at
least 14 subjects.
Remarks:
The αc could be calculated using permutation testing procedure instead of
using random field theory. The conjunction could also be defined as a given
proportion of subjects; this could cope better with problems such as poor
localisation due to registration problems, as conjunction analysis is certainly
very sensitive to subject outliers in terms of the locations of the activations.
If one decides that m ≤ n must activate to define a conjunction then given
m:
αcm = P (m t+ )


n
=
P (t+ )m (1 − P (t+ ))n−m
m



1 − P (t+ ) (n−m)
n
= αc
m
P (t+ )

(11)

with P (t+ ) = [α(1 − γ) + βγ] as given above. One must notice that the
amount of conjunction m/n must be at least the expected γ, otherwise the
7

multiplicative function introduced in the above equation is not monotonic
with m. This problem is also linked with values of γ and the sample size n.
Roughly speaking when γ is close to 1 one would need an m very close to n
and so a large n to achieve some gain in performing a conjunction of only
m.
3.4.2

Variance ratio smoothing

As mentioned in the previous section, smoothing the observed variance over
the whole brain would produce a better estimate of the random variance, but
that assumes constant underlying variance over the brain (spatial stationarity), which does not seem to be the case (e.g. difference in white matter
and grey matter[16]). But what Worsley et al.(2000)[18] supposes is that
the ratio of random-effects and fixed-effects variance is locally constant, so
that smoothing the ratio would produce a pooled estimate.
The method consists of performing random and fixed analysis in the first
place, then of spatially smoothing the ratio of variances obtained with the
two methods (random/fixed), then returning to “random-effects” variance
by multiplying the smoothed ratio with the fixed-effects variance before
performing the group t test. They estimate the degrees of freedom for the
test as:
df (W ratio) = 1/[1/dfratio + 1/df (f ixed)] = dfratio /(1 + dfratio /df (f ixed))
HMs 2
where dfratio = df (random)[2( FFWWHM
) +1]3/2 and F W HMs is the Gausdata
sian smoothing parameter which enables one to move between a random
analysis if set to 0 (no smoothing) and a fixed analysis if set to ∞ (smoothing the variance ratio to one everywhere). Sensible choices for F W HMs
would be not to increase too much the degrees of freedom comparatively to
its no smoothing situation (df (random)), an obvious limit being the degrees
of freedom of a single subject experiment i.e. df (f ixed)/n. The value recommended in [18] is 15mm for an original smoothness of 6mm (F W HMdata )
which was actually reaching the upper bound for the experiment given in
example. As the final degrees of freedom obtained are estimated Worsley et
al. recommend to be high (they chose 100) for the result not to be dependent
on the estimation of it.

4

One or two Groups of Subjects

A one-group analysis is a multi-subjects analysis with the obvious restriction
that every subject of the random sample studied is a member of this group.
Two-group analysis is carried out with a two-sample t-test under the same
framework:
b i ∼ N (b2i , σ̂ 2 ) i = 1 · · · n2
b i ∼ N (b1i , σ̂ 2 ) i = 1 · · · n1 b2
b1
b1
b2
i

i

8

All the first level analysis has been done for every subject in each group.
Note that this looks very similar to the original simple single-subject analysis, but here the sample size of groups may be quite different (a situation to
avoid if possible). So one will test θ = mb1 − mb2 = 0 with the statistics:7
to (f ixed) = q

b − b2
b
b1

c b2 /n1 + σ2
c 2b /n2 )
(σ1



or

to (random) = q

≈ tdist ((n1 + n2 )(TA + TB − 2)) (12)

b − b2
b
b1

2
c (b
c 2(b +b ) /n2 )
(σ1
/n1 + σ2
η +b )
η


≈ tdist ((n1 + n2 ) − 2) (13)

with the same definitions as in section 3 for each group. Note that here no
conjunction analysis approach can be made unless the same subjects are in
both groups (for example, before and after medical treatment) as pairing
of subjects across the groups would be required - in fact this then ends up
reverting to a one-group analysis (with a paired t-test). The “variance-ratio
method” can, however, be performed.
When g groups are studied one can compare them two by two, then introducing a multiple comparison (not as problematic as the statistical-map
one). If equal variances are assumed, a pooled variance of all g samples must
be used for either method, instead of just the two considered. To do more
advanced comparisons 8 one has to return to the GLM or ANOVA to be able
to test, for example, if all the groups have the same activation, or if there is
a trend in the groups, as one would expect for groups defined by increasing
doses of a treatment. These would involve either F statistics and/or using
a linear function of the parameters estimated in the model, i.e. contrasts.
Remarks:
The distributions for the statistics given here are approximations as the
variance estimates are given under unequal variances assumption and in
that case the Satterthwaite formula (3) should be used for the degrees of
freedom (for the fixed effect one has to re-integrate first levels in the formula
beforehand, see appendix). To use the degrees of freedom given one has to
replace (either in the fixed or random) the variance in each group by their
pooled
Pg
(n − 1)c
σu 2
2
u=1
P u
σ\
pooled =
(( u nu ) − g)

ˆ 2 = σ2
ˆ 2 and n1 = n2 , like
If one supposes equality of “estimatedpvariances”
σ1
P
P
to 1(i) − i to 2(i)) or Zgroup12 =
a “Group Z”, one obtains to (f ixed)
= 1/ (2n)(
√
√ i
√
1/ n1 groupeZ1 −1/ n2 groupeZ2
√
if n1 6= n2 .
1/ 2(groupeZ1 − groupZ2 ) or=
7

8

((n1 +n2 )/n1 n2 )

Although Hotelling’s T 2 might be used at this stage

9

Notice that for equal sample sizes (n1 = n2 ) the pooled estimate of the
variance would give the same result for to as the unequal variance and so the
given distributions become exact.

5

General Linear Model

It is possible to do all of what has been done in the previous sections within
a more general framework called the general linear model. It involves some
matrix algebra that the reader should be familiar with. Firstly, the singlesubject analysis is rewritten within this framework, which then enables one
now to account for temporal auto-correlation. Then the general hypothesis
testing is described, enabling models and hypothesis testing for a g-groups
analysis.

5.1

The model for single-subject analysis

Let yt , be the time series observed from t = 1 · · · T , at a given voxel, this
is represented as a vector on IRT ; y is a T × 1 vector. The relationship
between the observed time series and the paradigm of the experiment ( with
any other covariates) is expressed as:
y = Xβ + 
where X is a T × q matrix representing the design and the covariates, β
is a q × 1 vector of parameters (expressing the linear relationship)9 and 
is a T × 1 vector of random errors (departure from the model or residuals)
assumed identically distributed (independent or not independent) with mean
0 and common variance σ 2 . That will make the distribution of the vector
 with mean 0 and variance covariance matrix σ 2 IdT if independent10 or
σ 2 V , V being then the autocorrelation matrix (supposed to be known in
this section).
One usual way to estimate β is by Least Squares of the “residuals”11 :
βb = arg min[t (y − Xβ)(y − Xβ)]
β

(14)

This problem can be solved by taking partial derivatives; this leads to the
so called normal equation t XXβ =t XY and to a solution using the inverse
9

As a trivial illustration of the link with the first section, let X have two columns;
one column containing 1 when the condition is A and 0 otherwise (this column identifies
condition A), and one column identifying B, then (β2 − β1 ) is going to be the activation
looked for, as an estimate of the difference of the means.
10
E() = 0 and var() = σ 2 IdT are called the Gauss-Markov conditions.
11
To obtain the best estimate one wants to minimise the variation between what is
observed (yt ) and what is modelled (Xβ)

10

or g-inverse12 of t XX:
βb = (t XX)− t XY

(15)

var( β̂ ) = σ 2 (t XX)−

(16)

This is called the ordinary least squares (OLS) estimate, and if the errors are
independent (var() = σ 2 IdT ) according to Gauss-Markov theorem13 [11][3]
it is the best linear unbiased estimate (BLUE) of β which means that its
mean (expectation) is β and the estimate is of minimum variance (among
the linear unbiased estimates14 ):

If var() = σ 2 V , V can be replaced with V = K t K (if V is positive definite
K −1 exists15 ), applying K −1 to the GLM gives the model:
K −1 y = K −1 Xβ + K −1  meeting the Gauss-Markov properties. The OLS
estimate of β is then written:
β̂ = (t (K −1 X)K −1 X)− t (K −1 X)K −1 y = (t XV −1 X)− t XV −1 y

(17)

and rewriting the optimisation problem shows that this is the solution of
minβ [t (y − Xβ)V −1 (y − Xβ)] called the Generalised Least Squares (GLS)16 .
One has also
(18)
var(β̂GLS ) = σ 2 (t XV −1 X)−
Remark:
When var() = σ 2 V , var(β̂) = σ 2 (t XX)− t XV X(t XX)− , then the OLS
is BLUE if and only if Im(V X) ⊂ Im(X) (the space generated by VX is
included in the one generated from X); so in that case OLS≡ GLS [12].

5.2

Hypothesis testing and Estimability

Now assuming Normal distribution of errors one has a Normal distribution
for the parameter vector β which in this section is supposed to be the BLUE;
then to test a hypothesis of the form cβ = 0 where c is a 1 × q vector, the
following statistic is used:

12

to = q

cβ̂
c var( β̂ )

tc

∼ tdist (trace(PX⊥ )) = tdist (T − rank(X))

(19)

Generalised inverse [12] is used when X is not of full rank giving a non-invertible
XX.
13
The Gauss-Markov theorem is in fact established for any estimable function (see further) of β.
14
It can be shown that for independent Normally distributed errors, the OLS is also the
maximum likelihood BUE i.e. among all estimates.
15
If V is only semi-definite positive (and thus singular) everything is done with ginverses, V − = t K − K − , the BLUE property remains if and only if V V − X = X [11][12].
16
When V is known βbGLS is also BLUE and BUE under Normality.

t

11

with the unbiased estimate17
σ̂ 2 =

t V −1 

(20)

T − rank(X)

The reader can check that taking X with 2 columns one of 1 everywhere and
the other of 1 and -1 whether under condition B or A; β =t (µ b), choosing
c = (0 1) gives the same t0 shown in the single-subject analysis section.
Only cβ which are estimable can be used in the testing procedure. A linear
function of the parameter cβ is said to be estimable if a linear unbiased
estimate exists:
if ` exists, so that E(t `y) = cβ
and this is if and only if t `X = c. This makes cβb a unique BLUE of cβ.

Contrasts are particular estimable linear functions with the additional property that c1q = 0, where 1q =t (11 · · · 1), i.e. the sum of the entries (weights)
in the contrast is zero.
This definition holds for more general hypothesis testing when C is a (q −
k)×q matrix of (q−k) independent linear estimable functions. The following
statistic (with distribution under H0 ) called the Lawley-Hotelling trace is
used to test the general hypothesis H0 ; Cβ = 0:
LHt =

(rank(PX⊥ ))
trace(HE −1 ) ≈ F((q−k)p,Df )
(21)
ν
with H = (t (C β̂)[C(t (XV −1 X)− t C]− C β̂
t

E =

(PX⊥ Y )V −1 PX⊥ Y

This statistic 18 is in fact for Multivariate GLM, i.e. when Y is a matrix
n × p of p variables y1 y2 · · · yp . In our case p = 1 and LHt reduces to the
traditional F ratio statistic:
F =

(t (C β̂)[C(t (XV −1 X)− t C]− C β̂
∼ F(q−k,rank(PX⊥ ))
(q − k)σ̂ 2

(22)

Writing C β̂ = 0 as:
C(t XV −1 X)− (t XV −1 X)β̂ = C(t XV −1 X)− t XV −1 µ̂
= C(t XV −1 X)− t XV −1 PX y = C(t XV −1 X)− t XV −1 y = t CH V −1 y = 0;
denoting CH = X(t XV −1 X)− t C; CH generates what is called in the appendix the conditioned model, then the numerator of the F statistic given in
the appendix kPCH yk2 is the numerator given here.
t

−

β̂)V (y−X β̂
Or more generally with V singular[3] σ̂ 2 = (y−X
∼ χ2 (trace(AV )) where
trace(AV )
2
y ∼ (µ = Xβ, σ V ) and A is the resulting from the quadratic form of the residuals, i.e.
A =t PX⊥ V − PX⊥ = V − PX⊥ then giving trace(AV ) = trace(V V − ) − trace(PX ) giving
T − rank(X) if V non-singular [12].
18
The distribution given (exact is min(q − k, p) = 1) is a traditional McKeon(1974)Biometrika, 61:381-383 approximate distribution, where Df = 4 + (q−k)p+2
B−1
17

and B =

(rank(PX⊥ )+(q−k)−p−1)(rank(PX⊥ −1)
,
(rank(PX⊥ )−p−3)(rank(PX⊥ )−p)

rank(PX⊥ )
−2
and ν = ((q − k)p)[ Df
][ (rank(P
]
Df
X⊥ )−p−1)
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As an example the F statistic can be used in a single subject analysis with
a paradigm having more than two conditions (ON and OFF) but different
levels for the ON conditions, like different audio stimuli.
Remarks:
Notice that the statistic (22) can be written:
ˆ − C β̂
(t (C β̂)[var(C β)]
(q − k)
called Wald’s type statistic. This form is simple and then advantageous to
be used directly in any context. In the Lawley-Hotelling trace statistic, one
must also note that H = t (PCH y)V −1 PCH y, sometimes called the hypothesis statistic (E being the error statistic) and can be derived also using the
ˆ − C β̂ × σ 2 : with OLS estimate, CH = V X(t XX)− t C
form (t (C β̂)[var(C β)]
generates the conditioned model. When not considering the BLUE of β
their distributions are then approximated (see next section for estimates of
the degrees of freedom for the denominator).

5.3

Taking into account the autocorrelation

6 IdT one will have to estimate it. If the estimate is
If we suppose V =
“good enough”, the estimates using GLS (sometimes called the EGLS for
Estimated GLS or Empirical GLS, or plug-in estimated or two-stage least
squares) will be good as well (nearly BLUE)19 . It might be difficult to obtain a good estimate (estimating V is estimating T (T − 1)/2 parameters), so
precluding the estimated-GLS20 approach unless a model for the autocorrelation or σ 2 V in general can be made, reducing the number of parameters
to estimate.
The pre-whitening approach is in fact the EGLS approach; usually V is
modelled, for example, as an autoregressive process to have fewer parameters to estimate, as in Bullmore et al.(1996)[1]. For example let t be an
autoregressive process of order 1; t = ρt−1 + et with et as a white noise.
Then the correlation matrix V takes the form (exponential model):


19




V =



1
ρ
ρ2
..
.

ρ ρ2
1 ρ
ρ 1
.. ..
. .

ρT −1

· · · ρT −1
· · · ρT −2
· · · ρT −3
.
···
..

···

1










(23)

The situation is less critical in a number of cases where the covariance structure is
known and few parameters have to be estimated.
20
It is nonetheless possible to do this for fMRI studies with the hypothesis of the same
V for all of the voxels, so giving a large sample to estimate V .
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−ρ
1
0
 −ρ 1 + ρ2
−ρ


−ρ
1 + ρ2
then V −1 = 1/(1 − ρ2 )  0
 ..
..
..
 .
.
.
0
 p
(1 − ρ2 ) 0

−ρ
1

p

2
0
−ρ
with 1/(1 − ρ )ψ = 

..

.
0

···


··· 0
··· 0 

··· 0 
 = 1/(1 − ρ2 )t ψψ
.. 
··· . 
··· 1

0 ··· 0
0 ··· 0 


1
 = K −1

.. ..

.
.
−ρ 1

where ρ is going to be estimated,
for P
example, on the residuals after a
P
first stage least squares (ρ̂ = 2 i i−1 / 1 2i ) or by fitting an exponential
model onto the autocorrelogram. Classical time series analysis will allow
estimations for autoregressive processes with higher order of dependence.
GLS (or EGLS) uses V̂ −1 and so can be very sensitive to a poor estimation
of the correlation structure. Pointing out this problem, Worsley and Friston
et.al(1995)[17] chose another way to take into account the autocorrelation.
The GLM model can be written: y = Xβ + KI e = Xβ + , with e’s uncorrelated, so that var() = σ 2 KI t KI = σ 2 VI . Their “shaping approach”
2
2
uses the assumption that their chosen matrix filtering Kij = e[−(i−j) /2τ ]
(with a chosen τ ) will swamp the autocorrelation, i.e. KKI ≈ K where KI
would give the true unknown one. Under this assumption the model is then
written y 0 = X 0 β + K ≈ X 0 β + Ke = X 0 β + 0 with notations y 0 = Ky and
X 0 = KX. Deriving an OLS estimate gives an unbiased estimate but not
BLUE anymore:21
β̂ = (t X 0 X 0 )− t X 0 y 0
with variance
var(β̂) = σ 2 (t X 0 X 0 )− t X 0 V X 0 (t X 0 X 0 )−

(24)

given that now
var(0 ) = σ 2 V = Kvar() t K = KVI t K = σ 2 KKI t KI t K ≈ σ 2 K t K
(25)
To estimate σ they use the same formula as described in the previous section
t 0 0
(equation (20) but with an OLS optimisation): σ̂ 2 = tr(P  0⊥
V ) where PX 0⊥ =
X

IdT − PX0 and PX0 = X 0 (t X 0 X 0 )− t X 0 . The to map derived in the previous
section is then used with the effective degrees of freedom22 calculated using
classical results on quadratic form theorems [12]:
edf =
21
22

2E(SS)2
= trace(PX 0⊥ V )2 /trace(PX 0⊥ V PX 0⊥ V )
var(SS)

(26)

Notice that GLS brings one back to OLS under a Gauss-Markov model assumption.
2
if SS/E(M S) ∼ χf2 then var(SS)/E(M S)) = 2f hence f = 2E(SS)
var(SS)
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The distribution of σ̂ 2 is approximatively 23 distributed as χ2edf which then
makes an approximate t(edf ) distribution for to .
Notice in this presentation, without “swamping”, setting K = KI−1 brings
you back to GLS (see previous section). Within this debate of accounting for
cI of
autocorrelation in fMRI, Woolrich et al. [16] propose a robust estimate V
the autocorrelation of the time series. This robust estimate is then used either to pre-whiten the data (GLS) or to do an OLS estimation (i.e. classical
OLS under a non Gauss-Markov assumption24 ) with filtering (as in Worsley and Friston’s paper but without the swamping assumption) or without
filtering (therein called variance correction) . The robustness is achieved in
two ways, firstly by smoothing the non-parametric autocorrelation function
for each voxel and secondly by smoothing the estimate spatially in a nonlinear fashion to be able to preserve different patterns according to different
matter types.
Remark:
Notice that a better estimate of σ 2 would have been using the form:
t 0 V −1 0

trace(t PX 0⊥ V −1 PX 0⊥ V

)

(27)

as given in equation (20) (here not with the BLUE), which uses the inverse
of V which Worsley and Friston wanted to avoid, but this time V is given
(Worsley and Friston) or is a robust estimate (Woolrich et al.) It seems
that having a robust estimate of V would incline one to use a GLS approach
(pre-whitening). Note that in the last version of SPM’99 (Friston et al.) the
“swamping” idea is dropped and an AR(1) model is used to estimate VI . As
this paper is written Friston[8] investigated the problem of estimating VI and
choosing a filter in order to minimise the bias of (24). It is known that using
cI for plug-in GLS estimation (EGLS) leads to good
an unbiased estimate V
cI )
results for point estimation ( for β) but to underestimation for var(βb \ V
(plug-in GLS variance), and more problematic underestimation of the true
variance [2] of βbGLS , i.e. knowing VI . So using OLS variances with a well
chosen filter and a sensible estimate of VI would allow to obtain a more
b
sensible estimate of the variance of β.
If V = IdT , i.e. no auto-correlation, or within the GLS framework, edf is
then equal to T − rank(X), as seen before.

5.4

Applying GLM

Introducing GLM modelling involves the choice of the “design matrix” X
implying a model for the observed y, and the choice of the covariance structure (e.g. autocorrelation pattern) which relates to the sources of errors.
23

It would be exact if PX 0⊥ V was idempotent [12] making edf = trace(PX 0⊥ V ) as well.
Without “swamping” the formulae given above for σ̂ 2 and (26) still hold if V is
replaced by KVI t K.
24
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In a simple way, X models what is expected and V models the errors25 .
What is not put in X will be reflected in the errors and may need an appropriate structure to be properly taken into account for a “good” model.
Inversely, what is put in X is taken away from the errors. A good example
of this is a confound covariate which will be put into the design X to account for in the model as explaining what is expected, therefore adjusting
the other fixed effects and not inflating error variation otherwise.
The subject effect can be thought to be part of the model (X) because one
would expect different responses for different subjects. But that way the
error variation will not take into account the sampling variation of the subjects (fixed approach), unless it is properly modelled as well in V (implying
random approach). Note that if one does not include the subjects in the
model (X), the sampling variations will be considered in the errors, but
will be pooled with the other sources of errors. We will come back to these
points in the next section.
The problem of GLM with structured covariance lies in the estimation of
V and β at the same time. Mixed models are GLM models of this type
where part of the covariance structure comes from random effects. Part of
the design describes fixed effects and part of it describes random effects:
y = Xβ + Zγ +  = Xβ + η

(28)

with E(γ) = E() = 0, var() = R, var(γ) = G and cov(γ, ) = 0, or,
E(η = 0) and V = var(η) = ZG t Z + R. Maximum likelihood techniques
such as REML (REstricted ML see [3] for example) find V̂ maximising
1
`R (G, R) = − [log |V | + log | t XV −1 X| + t (y − X β̂GLS )V −1 (y − X β̂GLS )]
2
(29)
ˆ
and then plug it into the GLS estimator of β to have a final β̂ GLS . For
small samples, obtaining REML maximisation might be unreliable in the
general case and still problematic for the unequal within-subject covariances
hypothesis, but in a lot of situations the maximisation problem is simplified
and can even lead to direct calculation.
In the general case the Mixed model can accept any form for Z, G and R,
then an algorithm [12] can give the REML. For balanced data “everything
becomes simpler”. This is because it implies Im(V X) ⊂ Im(X) for many
situations which makes the OLS equivalent to the GLS. This is particularly
the case in fMRI (where continuous exploratory variables come from convolution of “balanced” dummy variables with a model of haemodynamic
25

Note in all the text V is sometimes expressing the covariance structure and sometimes
only the correlation structure; no distinction has been made and it should be clear enough,
noting that usually here common variance is assumed and so the same scalar σ 2 enables
one to go from one to another.
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response thus preserving the balanced aspect) and that is the reason why
the two-stage or two-level approach is here valid or optimal.
Using mixed model for fMRI studies considers the random effect as the subject effect. Z will be a matrix of dummy variables identifying the subjects
(i = 1 · · · n), making ZG t Z a well-structured matrix of the form G⊗1T t 1T .
2 Id . As the subjects are supposed to be independent
R is usually σw
nT
G = σs2 Idn so that ZG t Z = Idn ⊗ σs2 1T t 1T implying a constant correlation
pattern for measures within subject, it is the one used in the section 3.2.
Remark:
In this model it is important to notice introducing a pattern of autocorrelation between time measures is not done through Z (random effects) as γ
would be redundant with ; it is introduced in R.

6

Multi-subject analysis with GLM

The single-subject analysis seen at the beginning of this paper is a GLM
with particular choices for X and V (V = σ 2 IdT and X with 2 columns;
one for the mean and one for the box-car, which is equivalent to the model
where y and X are demeaned, reducing X to just one demeaned box-car).
The GLM approach enables one to take into account in the model correlated errors, and also to provide different statistical maps according to the
hypothesis being tested. These models can be used as a first step or first
stage of a multi-subject analysis, i.e for every subject, as is done in section 3.
In fact a GLM can also be used at a second level of the multi-subject analysis, but usually the second level model will be simply to estimate a mean or
difference of means of the contrasts estimated at the first level. One must
remark that it is at the second level where the distinction between the fixed
subject effect approach and the random subject effect approach is made.
The fixed approach will suppose a known error given by the pool of the
errors from all the first stage models and thereby will not take into account
the subject sampling variation, and the random approach will re-estimate
the whole error variance.
The purpose of this section is to rewrite fixed and random analysis described
in the previous section within the GLM model, to enable one to carry out
the analysis in one step (although there may be practical reasons for not
doing so).

6.1

Fixed subject effect

Firstly, we will rewrite the single-group study. One has for each i = 1 · · · n
the GLM models:
yi = Xβi + i
17

(30)

with E(i ) = 0 and var(i ) = σi2 IdT . The case of auto-correlation var(i ) =
σi2 Vi will be examined later on. It is rather straightforward to recognise the
fixed effect in the following model:

 

 

y1
β1
X 0 ··· 0
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 y2   0 X · · · 0   β2   2 
+
(31)
 ..  =  ..





.
.
..
 .   .
  ..   .. 
.
yn

0

···

βn

X

n

or y = (Idn ⊗ X)β +  with obvious definitions for y, β and  with var() =
diag(σ2i [1..n] ) ⊗ IdT . One then derives easily the OLS for β which gives the
vector of the OLS’s from each model (30):
 ˆ 
β1
 βˆ2 


β̂ =  .  and var(β̂) = diag(σ2i [1..n] ) ⊗ (t XX)− = diag(var(β̂i )[1..n] )
.
 . 
βˆn
(32)
2
Note that if one assumes that var() = σ IdnT then:
σ̂2 =

t 

trace(P(Idn ⊗X)⊥ )

=

X
i

t

i i

nT − nrank(X)

= σ̂2i [1..n]

(33)

which is the pooled estimate of variances, then:
var(β̂) = σ2 Idn ⊗ (t XX)−

(34)

In either cases testing Lβ = 0, with L = (1/n, · · · , 1/n) ⊗ c, where c is the
contrast used on a single model to assess the activation looked for, with
the statistic (19) will give the statistic used in (4), and if c is a matrix (C)
containing more than one contrasts the F statistic (22) will be used.

6.2

Random subject effect

Firstly, notice that the random subject effect model could use this same
model with a covariance structure (block-diagonal) which would need to be
estimated in the first place. One would get a EGLS but this model cannot
be used to estimate the covariance matrix (this is because writing this model
as a mixed model makes β random and fixed at the same time). One has to
rewrite the model, for example with the form:

 0 
 

X
1
y1
 0 
 y2   X 
 
 2 


(35)
 ..  =  ..  β + Zγ +  .. 
 . 
 .   . 
yn

n0

X
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or
y = (1n ⊗ X)β + (Idn ⊗ 1T )γ + 0
where Z = (Idn ⊗ 1T ) identifying the subjects (dummy variables)26 , with
also E(γ) = 0 and var(γ) = G as random effects. One can easily see that
OLS gives β̂ = βˆ(i) [1..n] .
Depending on the structure of covariance chosen an estimate will be found directly (e.g. with compound symmetry) or algorithmically (for general REML
estimation). For the random analysis with simple compound symmetry (i.e.
with var(y) = var(0 )+ZG t Z = σ2 IdnT +σs2 Idn ⊗JT = Idn ⊗(σ2 IdT +σs2 JT ),
where σ2 is the scan-to-scan variation, supposed to be the same for all the
subjects, and σs2 is the random subject variation27 introducing correlations
into the errors) then with estimation for β as OLS (here equivalent to GLS)
“ANOVA” estimators (equivalent to REML) can be given by:
σ̂2 = M SE = t yP[1n ⊗X,Idn ⊗1T ]⊥ y/[n(T − 1) − rank(X) + 1]

(36)

and
M Ss − M SE
where M Ss = t y(P[1n ⊗X,Idn ⊗1T ] − P[1n ⊗X] )y/(n − 1)
T
(37)
Our interest here is only on the subject error σ̂2 + (T σ̂s2 ) = M Ss which is
the two-stage approach estimation seen before (obviously dividing by T to
go on second level).
σ̂s2 =

If all parameters in X are considered as random, making Z = (Idn ⊗ X), the
estimation can P
be done in the same way with: var(y) = var(0 ) + ZG t Z =
p
2
Idn ⊗ (σ IdT + j=1
σj2 Xj t Xj ) and considering the random parameters independent (non-correlated). Using Hendenson’s Method [12, 3] 36 and 37
(for each random parameters) become:
σ̂2 = M SE = t yP[1n ⊗X,Idn ⊗X]⊥ y/[n(T − rank(X))]

(38)

SSs − M SE (n − 1)
trace((P[1n ⊗X,Idn ⊗X] − P[1n ⊗X,Idn ⊗X(−j) ] )Idn ⊗ Xj t Xj )

(39)

and
σ̂j2 =

where X(−j) is X without the column Xj and

26

SSs = t y(P[1n ⊗X,Idn ⊗X] − P[1n ⊗X,Idn ⊗X(−j) ] )y

(40)

This is if only random intercepts are considered, one may consider all parameters in
X as random, making Z = (Idn ⊗ X)
27
Compound Symmetry is the covariance model used in the section 3.2, JT = 1T t 1T =
T P1T
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The error considered for a parameter is similarly σ̂2 +(θσ̂j2 ) = SSs/(n−1) =
M Ss, with θ = trace((P[1n ⊗X,Idn ⊗X] −P[1n ⊗X,Idn ⊗X(−j) ] )Idn ⊗Xj t Xj )/(n−1)
equal to T under orthogonality of Xj ’s.
For general correlation structure, or one derived from time series analysis, instead of using an REML estimation algorithm, a “two-stage strategy” could be to estimate the autocorrelation matrix Ci from every subject’s time series, then pool these to give an estimate of the common autocorrelation C, to be able to define the covariance structure of the form
2 Ĉ, then solve REML (or Henderson’s method
V = Idn ⊗ σs2 JT + Idn ⊗ σw
2
2
III [12]) for σw and σs . Notice a redundancy in the previous formula as the
covariance structure describes at the same time a constant covariance for the
same subject (σs2 ) and the auto-covariance coming from time series autocorrelation; this suggests a better covariance model of the form V = σ 2 Idn ⊗ Ĉ
which then take subject the variance component off the model (no need of
Z as well). At this point, time series methods are used to estimate the Ci in
the first place, and robust estimation such as in Woolrich et al.[16] including
the non-linear spatial smoothing would improve the result.
Remark:
The model (35) without Z could be considered as an intermediary model
(Pme) between the fixed model (Fix) ( the model (35) but var(0 ) = σ 2 IdnT ),
i.e. var(γ) = 0) and the random subject model (Ran) as it can be shown
that the natural estimate of σ 2 is the pooled error variance of the fixed
version (M SE given in (36)) of and random approaches (subject error M Ss
(37), but because of the df differences between the two approaches this will
underestimate the error variance. This method called here“pooling model
errors” or Pme may be interesting when too few subjects are in the study
: the error variance is going to be larger than for a fixed analysis and the
increase of degrees of freedom ((n − 1)) not too large:
model Pme: y = (1n ⊗ X)β + Pme
= X β + Pme

model Fix: y = (X

Z)B + Fix

= F B + Fix
model Ran: y = X β + Zγ + Ran and var(γ) =
6 0

(41)

then from model Fix ,
dfFix M SEFix =

t

=

t

y(Id − PF y

y(Id − PX + PX − PF y

= dfPme M SEPme − (n − 1)M Ss
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(42)

thereby
2
= M SEPme =
σ
bPme

dfFix M SEFix + (n − 1)M Ss
dfPme

(43)

and one can easily check dfPme = dfFix + (n − 1) = nT − rank(X).

6.3

2 and g groups multi-subject analysis

For 2 groups or g groups this framework is used and the models are the same.
As we have already seen, to compare two groups, a two-sample t-test is used,
and that will be similar here, as the use of a contrast to compare two groups
will form the difference of the means (of the “activation contrasts” applied
to each subject). If one has g groups, multiple comparisons of pairs of groups
might be used (with some multiple comparisons corrections if needed) but
an F -test might be used for an overall (or more than two) group effect.
With g groups with the same number of subjects n in each group, the model
will have the form:
(44)
y = (Idg ⊗ Idn ⊗ X)β + 

with t y = (t y1 , t y2 , · · · , t yg ) and similar for β and . The general form of the
“design matrix” would be a diagonal matrix of g blocks of the form Idnk ⊗ X
where nk is the sample size of the kth group (notice that for the random
model when estimating the variance components the blocks are 1nk ⊗X). As
the groups are independent var() = Idg ⊗ V where V will have the form of
either the fixed or random approach in a 1 group analysis, or more generally
var() = diag(Vk[k=1···g] ) if the Vk are not assumed equal or the groups are
unbalanced.
For a two-group comparison in a g-group analysis, the applied hypothesis
is:
L12 β = (0 · · · 0, L1 , 0 · · · 0, −L2 , 0 · · · 0)β = 0
(45)

where Lk is a 1 × nk T contrast, providing the mean for this group of the
activation contrast used in a single-subject model as for a 1-group analysis.
Then the t-map is derived using the same framework as in the 1-group
analysis, using the estimates for V̂ according to the approach and the model
chosen. If one wants to have a global assessment of group differences (among
more than 2 groups) the F statistic given in (22) has to be used with a
contrast matrix, e.g. to compare all the groups 2 · · · g with a control group,
c = 1, the matrix L of (g − 1) contrasts t L = ( t L2c , t L3c , · · · , t Lgc ) is
involved.
Remarks:
The degrees of freedom (GLS approach) to apply for
Pgt-test (2 groups comparison), P
for the fixed approach will be df (f ixed) = k=1
nk (T −rank(X)),
g
will be T k=1 nk − rank(X) for the pooled Random and fixed model, and
for the randomPmodel with the compound symmetry covariance structure
df (random) = gk=1 nk − g.
21

7

Towards Multivariable Multivariate GLM

Repeated-measures GLM is also available to describe fMRI studies; the socalled growth curve model could be the best way of conceptually modelling
a multi-subject experiment. It has the great advantage of being very close
to the two-stage understanding of the random subject analysis, and of being
clearly explicit for a g groups analysis.
A multivariate GLM model is usually written like the general form we have
seen before but y = Y , β and  are matrices. A multivariate linear model
can be in fact rewritten as a classical GLM and for example resolved this
way as well. The growth curve model is an extension of the multivariate
GLM to allow a model of the curve response. It is in fact also equivalent to
a classical GLM considering a tensor product of the designs:
tX
XN
Y
β

T
=
+
N ×T
N ×T
N ×p p×m m×T

(46)

reduces to the “constant” 1n (or Idn
For a 1-group analysis N = n and XNP
for the fixed model), otherwise N = k nk and XN identifies the groups.
Notice that XT is in fact the design we had before (then denoted X) to
identify the paradigm and covariates (within the time series). The model
(46) is in fact equivalent to the univariate model (where underlined means
all of the columns stacked, i.e. N T × 1 or pm × 1 vectors)
Y = (XN ⊗ XT )β + 

(47)

from which one recognises the model (35) if one has only one group. Some
algebra gives the result for the least squares estimate:
(XN ⊗ XT )β̂ = (PXN ⊗ PXT )Y ≡ PXN Y t PXT

(48)

(where ≡ means algebraically equivalent, i.e. a vector N T × 1 or a matrix
N × T of the same thing) 28 .
The normal distributional assumption comes with the restriction of “separability”, i.e. of the form var() = VN ⊗ VT , with usually the form var() =
(IdN ⊗ σ 2 Σ) where Σ is a T × T matrix expressing the common (to all
rows) correlation of the columns (random variables) of Y . Historically presented by Potthof and Roy(1964) (see reference in [14]), the model (46)
was named GMANOVA (Growth curve Multivariate ANalysis Of VAriance) and was “solved” with a two-level analysis: projecting first according to XT and then solving the second level model. Let the projector
onto XT expressed with a metric Q0 , PXT = XT ( t XT Q0 XT )−1 t XT Q0 ,
28

and the projectors are expressed with or without the V −1 according BLUE or not
BLUE.
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then writing Y t PXT = Y0 t XT one obtains E(Y0 ) = XN β as MANOVA
model. A known statistical result is that, under normality, the least squares
estimate of β in the MANOVA model, which is in fact β̂ (48), is also
the maximum likelihood of β in the MANOVA model for the choice of
−1
2Σ
= ( t Y PX ⊥ Y /(rank(PX ⊥ ))−1 . In fMRI this estimation is
Q0 = σd
N

N

not sensible as N is small comparatively to T , one would prefer time series
methods (as mentioned before) to estimate the correlation structure Σ.
Estimating σ 2 brings back to the choices between random, fixed subject
analysis or the “pooling model errors” (43). In the random analysis as in the
usual Growth curve analysis σ 2 relates to common variance (across subject
population) for every time measurement, the estimate 1/T [trace(Q0 )] could
be used i.e. the pooling (across time) of residual variances of the subject
model (yt = XN βt + t at t fixed), or could be better estimated from the
MANOVA model so with 1/m[trace(S0 )] (where S0 = t Y0 PXN ⊥ Y0 /(N −
rank(XN ))). Notice (if XN = 1N ) the diagonal of S0 contains the variances
of the parameters 29 used for the random subject analysis (9). When XN =
IdN as in the fixed subject analysis, the previous estimate does not make
any sense (it is zero) and the natural estimate is used:
σ̂ 2 =

tY

[ t (IdN T − PXN ⊗ PXT )IdN ⊗ Σ̂−1 (IdN T − PXN ⊗ PXT )]Y

trace( t (IdN T − PXN ⊗ PXT )IdN ⊗ Σ̂−1 (IdN T − PXN ⊗ PXT )IdN ⊗ Σ̂)
(49)
with XN = IdN and is the pooled subject errors with autocorrelation taken
into account. This last estimate is also the “pooling model errors” estimate
of σ 2 when XN 6= IdN (basically rank(XN ) < N ). Model (47) could come
with assumption var() = (IdN ⊗ Dσ2 Σ) and an estimation related to the
later comment would be Dσ2 = diag(Q0 ) or Dσ2 = diag(XT S0 t XT ) =
diag(PXT Q0 t PXT ).
To retrieve completely the mixed model, one would have to write the covariance with the form IdN ⊗ σ 2 Σ = IdN ⊗ (σ2 C + σs2 JT ), but after all it is
not necessary in fMRI studies to split or separate the covariance structure
as the interest is only on the fixed effects and not actually on the variance
components.
The Lawley-Hotelling statistic already described (21) can be used and a
general hypothesis takes the form LβM = 0 or L ⊗ M β = 0 where L will
contrast the groups and M contrasts the paradigm.
Mathematically it is possible to extend further this representation to any
“dimension” in the data, for example incorporating the spatial dimension:
Y = (XB ⊗ XN ⊗ XT )β + 

(50)

where XB would relate a model on the voxels (or XB = Idv if spatial modelling is not carried out, where v is the number of voxels), Y can be inter29

Instead of averaging the variances of the parameters one may median or max depending on how we want to be conservative or not.
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preted as a tensor of order 3 with a (vN T ) × 1 vector representation. To
be useful this model would have to take into account the spatial covariance
structure.
Remark:
Note that if the groups constitute a repeated experiment (e.g. with different
doses of a drug), VN can be chosen to be for the form VN = Idn ⊗ σg2 Jg as
in compound symmetry, and similar techniques described for mixed models
could be derived. This can be also implemented as a three-stage model:
seeing the random model as a GMANOVA model then resolved as a twostage model allow you to carry on levels in presence of a repeated design
on the subjects giving a third model. The estimation in multi-stage for
multilevel models is valid as long as the designs are well balanced which is
the case in fMRI. Iterative GLS 30 may be needed to improve estimation.
Note a dense literature on multilevel modelling allows considerations of more
complex situations [9].

8

Discussion and Conclusions

In the introduction to this review, it was stated that classically the analysis
is separated for each voxel, and separated for each subject. This is true in
terms of estimation of the fixed effect and given that OLS is desired (although may not be optimal), but the estimation of the covariance structure
does not imply separation (even if on some occasions one simply pools over
all the subjects and groups). It might be desirable as well not to completely
separate the analysis for voxels (which is normally the case, apart from the
final stage of cluster-based thresholding). This restriction was, for example, lifted in the “variance ratio smoothing” method, and mentioned in the
previous section.
Thus, a point which should be addressed is the sample size required to
do an fMRI-GLM analysis. It has been already pointed out that for a
random subject effect analysis, this is crucial for good power. This fact is
dependent on another point not discussed in this paper but crucial which
can be summarised in a question: “are these voxels representing the same
variables over different time and subjects?”. A short answer would be:
“this is a matter of data registration before multi-group subjects statistical
analysis!” (see [15] for a good discussion of this). In the present paper
when assessing activation two types of variation have been discussed: the
within subject variation (repeated measures and registration error of the time
course), and the between subject variation (population variation of the signal
at a given voxel). A third type of variation has not been discussed, which is
30

Alternatively estimating β given the whole covariance, and estimating covariances
(different levels) given β, is known to converge to the maximum likelihood estimates
under normality.
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crucial when looking at multi-subject fMRI experiments, the variation due
to error of co-registration of subjects confounded or not with the natural
anatomic-functional variation from subject to subject. These three types of
variation can be characterised as (i) measurement error and time variation,
(ii) point population variation, (iii)spatial population variation and error,
where here, error and variation are used to emphasise differences in variation
due to the technical process of measurement (i.e. purely instrumental error
but also within variation), and variation due to more natural causes(i.e.
population variation).
The analysis presented in this paper did not address the third type of variation (measurement error and time variation were also confounded). This
spatial variation has obviously a greater impact in random subject analysis
than in fixed subject analysis, as it plays a role in the location or estimation
of possible activation (fixed and random approach) but also in the decision
of significant activation through the variance estimation (only the random
approach). A simple way to account for it is to perform ROI analysis or
spatial smoothing before second level analysis. According to the activation
estimation, these introduce a loss of specificity but also in sensitivity if the
smoothing “width” is larger than the activation “area”. Is this loss going to
be counterbalanced by smaller variances achieved by smoothing? A way of
keeping sensitivity when smoothing is to use a max-min filter [13] retaining
for every subject only a maximum or minimum value on a neighbourhood
of a given voxel (though activation would give a larger absolute value for
the maximum, and deactivation would give a larger absolute value for the
minimum). This approach was performed successfully [13] with permutation testing for fixed subject analysis in combining the z-maps, but could
be more appropriate for random subject analysis (the filter is performed on
the parameter maps) as a valid population method less conservative than
its unfiltered counterpart.

Appendix
A

Z-scores and distributions

Some univariate distribution results that the reader
with:
P should be familiar
2
2
let xi ∼ N (µ, σ ) for i = 1 · · · n then x̄ = 1/n i xi ∼ N (µ, σ /n) and so
√x̄−µ
∼ N (0, 1). When σ 2 is unknown, a well known unbiased estimate is:
σ 2 /n
P
∼ t(n − 1).
σ̂ 2 = 1/(n − 1) i (xi − x̄)2 ∼ χ2 (n − 1) and now √x̄−µ
2
σ̂ /n

25

B

Deriving F distributions

Here are some well known distributional results introducing the χ2 and
the F distributions in relation to GLM using the geometrical approach of
projectors [12][3].
Let y ∼ N (µ, σ 2 V ) where µ = Xβ with X of full rank n × p, p < n, i.e.
µ ∈ [X] where [X] means the space generated by the columns of X, then:
i kPG yk2 /σ 2 ∼ χ2 (trace(V − PG V ), kPG µk2 /(2σ 2 )),
where PG = G(t GV − G)− t GV − , is the orthogonal projector31 onto G,
then kPG yk2 =t (PG y)V − PG y is the Sum of Squares due to G (SSG)
in the metric space (IRn ; V − ).32

ii if [G1 ]⊥[G2 ] then kPG1 yk2 and kPG2 yk2 are independent, then their
ratio follows an F distribution:
trace(V − PG2 V ) kPG1 yk2
∼ F (trace(V − PG1 V ), trace(V − PG2 V )
trace(V − PG1 V ) kPG2 yk2
iii testing H0 : µ ∈ [X0 ] ⊂ [X] with rank(X0 ) = k, is equivalent to
testing P[X]∩[X0 ]⊥ y = 0 (i.e. the projection of y onto [X] orthogonally
to [X0 ] is null),
then under H0
2



−
y
P
(trace(V V ) − trace(PX ))  [X]∩[X0 ]⊥ 

2


(trace(PX ) − trace(PX0 )
P[X]⊥ y 
∼ F ((trace(PX ) − trace(PX0 ), (trace(V V − ) − trace(PX )))

note that as [X0 ] ⊂ [X], P[X]∩[X0 ]⊥ = P[X] − P[X0 ] . Sometimes [X] ∩
[X0 ]⊥ is noted [X]/[X0 ] and can be called a conditioned model, [X0 ]
called the sub-model. The F0 ratio can be written as (SSX−SSX0 /SSE)
or (SSE0 − SSE)/SSE times the ratio of df . If V = Id one finds the
traditional F0 ∼ F (p − k, n − p).

C

Satterthwaite [10] degrees of freedom

For a t − test or an F − test and the denominator is a linear combination of
Mean sum of Squares (MS), the Satterthwaite formula to approximate the
degrees of freedom for the denominator is:
P
[ s cs M Ss ]2
P
(51)
2
s (cs M Ss ) /dls
31

Really, PG should be denoted P[G] , the projector onto the space generated by the
columns of G.
32
Note that trace(V − PG V ) = trace(PG V V − ) and if PG = PF ⊥ = Id − PF , it is equal
to trace(V V − ) − trace(PF ) = rank(V ) − rank(PF )
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where dls are the degree of freedom for the M Ss .
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